































































Recap

Fields Sets where we can do arithmetic IF IF IF

e g Q IR C Fp IF IF IF

Vector Spaces Sets where we can add and stale
V V V IF V V

e g Rd Polynomials IR IR over Q

continuous functions C 10,13 IR

Basis Linearly independent set B sit Span B V

Lagrange interpolation For distinct a an IF

fi I
a Hiein basis for 77 x

Unknown f with f a b f an bn

can be found as f x I ftp.gfilx



Application Secret Sharing Shamin 79

Share secret S E O M with n people sit

If any d get together they learn s

Fewer than I do not get any information

Scheme

Choose Ip with p Max in M

Choose random C Cd_ E Fp and take

Q x St G X Ca
d 1

Person i gets i Q il for 1 1 n



Any d people can find s

Say people 9 ad get together
Let b Q a be Q ad

Use Lagrange interpolation to find unique f

s.t f a b flag be Must have f Q

Output S f o

Fewer than d people learn nothing
For any

a Q a lady Q Ad n

and any s FIFp f 5.1 flail ai and flo s

Research Question Anonymous Secret Sharing Con 25



Brack to Bases

1 I set B sit Span B y
How do we check
this

B is a basis B is a

IE EIfoaseatnyv B

2001

span B V
ary

Pick vi V say B easy otherwise

BU.tv is LD

CoV f Σ Ci Vito vie B Coto

E Eci Vi EC CJ.si vie Spank



Building a basis Steinitz Exchange Principle

Let y Vp be LI and 4 Span in Wim

Then Hie k je n sit

x Ye ftp.t U ing is LI

Wj x Xp Vi

Zof suppose not Then i j ing E Spanky Vp Evi

Span W hn Span v Vi

But Vi Span W hn

i V Span Y Vi contradiction



All finite bases have equal sizes

Let B x Vp and B2 W Wn

be two bases for V Then k n

Loop Repeatedly remove a v add a W

4 LI 4 Ya Span hw Wn

i K n

W Wm LI W Wn Span V Vp

i ne k



Finitely generated vector spaces
Dean V is called finitely generated if T E V s t

T is finite and Span T V

Ex Any finitely generated space V has a basis

which is a subset of the generating set T

Finitely generated spaces have at least one basis

Sizes of any two bases B B2 are equal

Called dimension of V dim V

Ex Let S be any
1 I set with 151 dim V

Then S is a basis



m
Let SEY be any 1 I set for finitely gen.lk
Then S can be extended to a basis

basis B s.t.SE B

say 5 V

while v E sit V Span s

S SU v

If T is a generating set there is a basis of size 77

i Above loop cannot go on for more than IT steps



What if V is not finitely generated

Examples Polynomials IR X over IR
IR over the field Q

Can still find basis B sit V Span B It ci.ve vi KEB

n tiff

Need axiom of choice Zorn's lemma to show the

existence of such a basis Hamel basis See notes

Every vector space has a basis



Linear Transformations
n Y and W vector spaces over same IF

4 V W is called a linear transformation if

y v to v2 g x 612 4 YEY

y c y p y CGIF vev

Ex Show that for any linear y V W Y Ox On

E g A E R defines ya IR IRM

4am AV



Examples or not

y C 0,17 R C 0,2 R 6 f x f x2

p f tf x f f X2 f 1 12 ft 6 f x p f x

y C 0,17 R C 0,1 R 6 f x f x2

y f f x f f 1 2 f x2 f 1 2
6 f x p f x

4 Fib Fib defined as y t n f In 1

y t f m f f ntl f nti f nti y f n y f n

derivative IRIX IR x


